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A finite-mode probability density function method was used with a computational
fluid dynamics code to model the semibatch precipitation of barium sulfate from aque-
ous solutions of barium chloride and sodium sulfate in a Taylor-Couette reactor. It was
simulated in turbulent flow at high Taylor numbers under the assumption of axial sym-
metry. The flow field was modeled using two different turbulence models, and flow
predictions were ®alidated using experimental tracer dispersion measurements. The crys-

( )tal-size distribution CSD was calculated in terms of the first fi®e moments considering
both nucleation and growth, while neglecting the effect of aggregation. The effect of the
operating conditions on the CSD was studied, and code predictions were compared with
experimental data.

Introduction

Precipitation of sparingly soluble salts is an important pro-
cess in the production of several materials such as catalysts,
proteins, pharmaceutical products, pigments, and silver halide
for the photographic industry. The final product quality of
the materials obtained by this unit operation is strongly influ-
enced by crystal morphology and CSD. The process involves
three different steps: chemical reaction, nucleation, and
growth. Since the first two steps are very fast, the process is
defined ‘‘mixing sensitive,’’ in the sense that the rate is not
controlled by precipitation kinetics only, but also by mixing.

Several authors have studied the role of mixing in precipi-
tation using different reactors under continuous and semi-

Ž .batch conditions. Fitchett and Tarbell 1990 working with a
double-feed MSMPR studied the effect of several parame-
ters on the reactor performance. Pohorecky and Baldyga
Ž . Ž .1985, 1988 and Baldyga et al. 1990 investigated the effect
of initial concentration of the reactants, feed time, and stirrer
speed on the solid characteristics in a semi-batch reactor. Kim

Ž .and Tarbell 1996 , studying the effect of the operating con-
ditions on the final CSD in a MSMPR, found controversial

Ž .results for the effect of the stirrer speed. Baldyga et al. 1995
reviewed the available data and found that whereas it is clear
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that mixing controls the generation of supersaturation and
thus the final CSD, it is impossible to predict intuitively the
effect that the operating conditions have on the solid charac-
teristics. For this reason, a modeling approach provides a
useful tool for reactor performance prediction, design, and
scale-up.

Several mechanistic models have been used, such as the
Engulfment and the EDD model or the Environments model
ŽPohorecky and Baldyga, 1985; Garside and Tavare, 1985;

.Baldyga et al., 1995 . In recent years, CFD has been success-
fully applied to model mixing-controlled problems, such as
precipitation, and has also been used to predict the resulting

Ž .CSD of the dispersed phase. Pipino et al. 1995 using a full
Ž .probability density function PDF method and a CFD code

for the flow field prediction, studied instantaneous nucle-
ation, but they did not follow crystal growth. On the other

Ž .hand, Wei and Garside 1997 used a CFD code to model a
precipitation reactor, but they did not include a micromixing
model, completely neglecting the role of mixing at the molec-

Ž .ular level. Baldyga and Orciuch 1997, 1999 discussed the
effect of mixing in a tubular reactor using a presumed-beta

Ž .PDF coupled with CFD, and Piton et al. 2000 compared
these results with the prediction obtained using a finite-mode
PDF model.
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In this work, barium sulfate precipitation in a semi-batch
Taylor-Couette reactor has been modeled with a finite-mode

Ž .PDF model coupled with a CFD code FLUENT . The Tay-
lor-Couette reactor has been shown to be particularly inter-
esting for the control of the turbulence for the ability to pro-
vide different fluid dynamic regimes, and to create turbu-
lence without a blade type mixer, which may cause breakage

Ž .of the crystals Barresi et al., 1999 . The model predictions
have been validated with experimental data from the Taylor-
Couette reactor. The CSD has been measured with a Coulter
LS 230 laser granulometer, and the solid concentration has
been calculated by measuring the residual reactant concen-
trations using a conductimetric technique.

Experimental Setup
Taylor-Couette reactor

The Taylor-Couette reactor is made of two coaxial cylin-
ders with the inner one rotating. The fluid is contained in the
gap between the two cylinders, and different fluid dynamic
regimes are achieved depending on the rotational speed of
the inner cylinder. A measure of the state of the flow is rep-
resented by the dimensionless Taylor and Reynolds numbers,
which are defined by the following equations

�2 r d3
1 1

Tas 1Ž .2�

� r d1 1
Res 2Ž .

�

where � is the speed of the inner cylinder, r is the radius1 1
of the inner cylinder, d is the annular gap between the two
cylinders, and � is the kinematic viscosity. In his pioneering

Ž .work, Taylor 1923 describes the transition between a lami-
nar flow, known as the Couette flow, and a flow with toroidal
vortices, known as the Taylor vortex flow. This transition oc-

Ž .curs when the Taylor or Reynolds number exceeds a critical
value. A further increase in the Taylor number causes a
change in the shape of the vortices and at high values a fully
turbulent flow without vortices is achieved. Smith and

Ž .Townsend 1982 estimated this transition at a Taylor num-
ber 105 times higher than the Taylor number of the first tran-
sition.

The Taylor-Couette reactor used in this work has an inner
Ž . Ž .radius r equal to 0.041 m whereas the annular gap d is1

0.014 m. The reactor is 0.205 m high and the critical Taylor
number is 1984. The reactor is shown in Figure 1. The rota-
tional speed of the inner cylinder has been varied between
100 and 1,000 rpm, and, consequentially, the Taylor number
varies between 1.2�107 and 1.2�109. These values give a
Taylor number ratio very close to 105, and thus the reactor
operates in the region between turbulent vortex flow and fully
turbulent flow. In the CFD modeling, the presence of the
injection tube is assumed to have negligible influence on the
flow field. During the injection period, fluid is removed from
the top of the reactor so that the reaction volume remains
constant. Since the injection volume is small compared to the
total volume of the reactor, the system behaves nearly as a
semi-batch reactor during the injection period.

Figure 1. Axial section of the Taylor-Couette cell.

Experimental in©estigation of macromixing
In order to collect information about macromixing and the

flow field in the reactor, a set of nonreactive tracer disper-
sion experiments have been carried out. The reactor was first
filled with microfiltered water, and a solution of potassium
chloride was then injected in the main flow direction using a

Ž .small tube outer diameter 2 mm, inner diameter 1 mm lo-
cated 70 mm from the top of the reactor in the middle of the

Ž .annular gap see Figure 1 . Note that the injection point is
nearer to the top of the reactor so that poor macromixing will
result in a higher concentration in the top of the reactor than
would be observed in a perfectly mixed reactor.

During the injection, samples of the outlet flow from a
purge at the top of the reactor were collected, and the con-
centration of the tracer was measured using a conductimetric
technique. The effects of the rotational speed of the inner
cylinder and the injection velocity on macromixing were in-
vestigated. The results show that mixing in the azimuthal di-
rection is very fast, and that when the rotational speed of the
inner cylinder is increased or the injection velocity is re-
duced, the tracer concentration in the reactor is more uni-
form. Consequently, in this respect the reactor is similar to a
perfectly mixed reactor.

In fact, by plotting the outlet dimensionless tracer concen-
Žtration moles leaving the reactor normalized by the total

.number of moles introduced nrn against the dimensionless0
Žinjected volume ratio between the injected volume and the

.reactor volume VrV , a decrease in the slope of the profilesi r
Ž .more uniform mixing is obtained with increasing rotational
speed of the inner cylinder or with decreasing injection veloc-

Ž .ity see experimental data in Figure 2 or Figure 3 . These
results confirm what has been found in previous work
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Figure 2. CFD predictions with the RNG k -� model
( ) (open symbols vs. experimental data filled

)symbols under different operating condi-
tions.

Ž .Marchisio et al., 1998 in a continuous Taylor-Couette reac-
tor. Moreover, comparison with a perfectly mixed reactor with
the same injection velocities showed that results in this limit-
ing case were always below the experimental curves.

Experimental in©estigation of barium sulfate precipitation
Experiments for barium sulfate precipitation from aqueous

solutions of sodium sulfate and barium chloride were carried
out in the Taylor-Couette reactor working in semi-batch con-
ditions. Microfiltered water and analytical chemicals were
used to prepare the solutions. The reactor was first filled with
a sodium sulfate solution, and barium chloride was then
added with a constant injection velocity. After 200 s, samples
taken from the bottom of the reactor were analyzed. The CSD

(Figure 3. CFD predictions with the RSM open sym-
) ( )bols vs. experimental data filled symbols

under different operating conditions.

Ž .was determined using a laser granulometer Coulter LS 230 ,
whereas the solid concentration was calculated by measuring
the residual reactant concentrations with a conductimetric
technique.

The rotational speed of the inner cylinder was varied be-
tween 100 and 1,000 rpm, whereas the initial nominal super-

Ž ² 0:² 0: . 4saturation S s c c rk was varied between 10 ando A B s
106. This parameter is the ratio of the product of the reac-
tant concentrations in the case of complete mixing without

Ž ² 0 : ² 0 :.reaction that is, c and c and the solubility product ofA B
Ž .barium sulfate k .s

The effect of the injection velocity was studied in the range
between 30 and 100 mLrmin and the volume ratio between

Ž .the two solutions f , which represents the total volume of
barium chloride injected divided by the volume of sodium
sulfate present in the reactor, was varied between 0.1 and

Ž .0.001. The inlet concentrations of the two reactants c , cAo Bo
and the injection time were chosen such that the overall stoi-
chiometric ratio was always 1:1.

Flow Field Simulations
The turbulent Taylor-Couette cell has been modeled using

Ž .FLUENT v. 5.2 . Because of the high swirl of the mean flow
field, mixing in the azimuthal direction is very fast and the

Žassumption of axial symmetry can be used that is, the mean
² : . Žvelocity u depends only on r and z . Two-dimensional 2-

.D simulations, on an axial plane of the reactor, have been
carried out using an unstructured grid with a finer resolution
near the injection point and an outflow positioned at the top
of the reactor. The final grid contained 3,050 cells, 6,321 faces,
and 3,281 nodes.

Two different turbulence models have been compared. The
first one is the RNG k-� model. In this model, two equations
are added to the continuity and the Reynolds-averaged
Navier-Stokes equations. These equations are derived using a

Ž .statistical technique renormalization group theory , and the
method represents a refinement of the standard k-� method,
with enhanced accuracy, in particular for swirling flow. The

Ž .second one is the Reynolds Stress Model RSM , which is the
most elaborate turbulence model available in FLUENT. In
this model the isotropic eddy-viscosity hypothesis is aban-

Ž . Ž .doned, and four 2-D or seven 3-D equations are added to
the Navier-Stokesrcontinuity equations. The added equations
are the Reynolds stress transport equations and the equation
for the dissipation rate. Because of the anisotropic formula-
tion of the problem using the RSM, a more accurate flow

wfield prediction should be obtained in swirling flow for de-
Ž .tails on the two models, see Fluent 1998 and Valerio et al.

Ž .x1998 .
Using either model, FLUENT predicts a mean flow with

standing vortices and in all the runs the vortices were
counter-rotating and even in number. For a rotational speed
of the internal cylinder of 600 rpm and an injection velocity
of 30 mLrmin, eight vortices were predicted by both models.
The value of the swirl velocity at the moving wall is 2.58 mrs,
whereas the average value in all the volume is 0.845 mrs for
the RNG k-� model and 0.924 mrs for the RSM. Both the
radial and axial mean velocity have a maximum value of 0.281
mrs for the RNG k-� model, whereas, for the RSM, the max-
imum for the mean radial velocity is 0.75 mrs, and for the
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( )Figure 4. Stream function kg/////s for N=600 rpm and v
( )=30 mL/////min with the RNG k -� model left

( )and the RSM right .

mean axial velocity is 0.80 mrs. Stream function plots for this
case using the two models are reported in Figure 4.

Ideally, the CFD predictions should be validated using a
detailed experimental measurement of the flow field using,
for example, a PIV technique. However, because these data

Žare not available for this reactor and difficult to obtain with-
.out extensive modifications of the experimental apparatus ,

the flow field predictions have been used to predict the tracer
dispersion in the reactor, which can be easily measured. The
simulation results obtained carrying out a set of time-depen-
dent simulations, with a local injection of tracer in the inlet
zone, have been compared with experimental data.

In Figures 2 and 3, the comparisons between experimental
data and CFD predictions are reported. Although it is diffi-
cult to discriminate between the two, from the figures, it is
possible to conclude that unlike the RNG k-� model, the
RSM gives the correct qualitative prediction of the influence
of the operating conditions. In fact, using this model, the de-
crease of the slope profiles for increasing N or decreasing ®
is better reproduced by the model. Hereinafter, the RSM is
used to carry out all simulations.

Precipitation Model
The description of precipitation requires a micromixing

model for the liquid phase where the fast chemical reaction
occurs, and a population balance for the solid phase. The
first takes into account the mixing dynamics on the molecular
level, whereas the second takes into account nucleation of
the solid phase and growth of the crystals. Since the two
models have to be coupled with FLUENT using user-defined
subroutines, a simple but accurate approach is preferable.

Finite-mode PDF method
A finite-mode PDF model has been chosen to model mi-

cromixing. In this approach every cell of the computational

domain contains N different modes or environments, which
correspond to a discretization of the composition PDF in a

Ž .finite set of delta functions Fox, 1998

N m
² :f � ; x, t � p x, t � � � y � x, t 3w xŽ . Ž . Ž . Ž .nÝ� n � �

�s1ns1

Ž . Žwhere f � ; x,t is the joint PDF of all scalars such as con-�

.centrations, moments, and so on appearing in the precipita-
Ž . ² : Ž .tion model, p x, t is the probability of mode n, � x, t isnn �

the value of scalar � corresponding to mode n, N is the total
number of modes, and m is the total number of scalars. By
definition, the probabilities p sum to unity and the averagen
value of any scalar is defined by integration with respect to
� . As shown below, for the system under consideration,
knowledge of the mixture fraction and a reaction progress
variable suffices to predict the reactant concentrations in each
environment. Thus, we will let the first scalar be the mixture

Ž . Ž .fraction; � x, t �	 x, t .1
From Eq. 3, the average value of the mixture fraction is

given by

N

² : ² :	 � p 	 , 4Ž .nÝ n
ns1

whereas the mixture fraction variance is

² �2: ² 2: ² :2	 s 	 y 	 , 5Ž .

² 2:where 	 is the second moment of the mixture fraction

N
22² : ² :	 � p 	 . 6Ž .nÝ n

ns1

This approach has been successfully used to model micromix-
Ž .ing in precipitation Piton et al., 2000 , and these first results

Ž .showed that three modes Ns3 are sufficient to work with
good accuracy. The 3-mode PDF model can be thought of as
the discretization of the reacting system in three environ-
ments, where Environments 1 and 2 contain unmixed reac-
tants A and B, respectively, and reactionrparticle formation
occurs in Environment 3.

The scalar transport equations for the probabilities of
modes 1 and 2, and for the weighted mixture fraction in En-

Ž ² : . Žvironment 3 s � p 	 are repeated indices imply sum-33 3
.mation


 p 
 
 
 p1 1² :q u p s �Ž .i 1 tž /
 t 
 x 
 x 
 xi i i

q� p y� p 1y p , 7Ž .Ž .s 3 1 1


 p 
 
 
 p2 2² :q u p s �Ž .i 2 tž /
 t 
 x 
 x 
 xi i i

q� p y� p 1y p , 8Ž .Ž .s 3 2 2
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 s3 3² :q u s s �Ž .i 3 tž /
 t 
 x 
 x 
 xi i i

² : ² : ² :y� p 	 q 	 q� p 1y p 	Ž .Ž .1 2 1s 3 1 1

² :q� p 1y p 	 . 9Ž .Ž . 22 2

² : thwhere p s1y p y p , u is the mean velocity in the i3 1 2 i
direction, � is the turbulent diffusivity modeled ast

C 2k

� s , 10Ž .t Sc �t

whereas � and � are, respectively, the micromixing rate ands
the spurious dissipation rate. Note that � is required tos
eliminate spurious scalar dissipation resulting from the
finite-mode representation, as will become clear below.

In this work the mixture fraction in Environments 1 and 2
² : ² :are, respectively, 	 s1 and 	 s0, and thus the mean1 2

mixture fraction is equal to

² :	 s p q s , 11Ž .1 3

whereas the variance is given by

s2
3� 2 2² : ² :	 s p q y 	 . 12Ž .1 p3

Manipulation of Eq. 11 leads to the transport equation of a
conserved passive scalar, and manipulation of Eq. 12 leads to

² �2: ² �2:
 	 
 
 
 	
�2² :² :q u 	 s �Ž .i iž /
 t 
 x 
 x 
 xi i i

² : ² :
 	 
 	
² : ² :q2� y2 � y2 � 13Ž .st 	 	
 x 
 xi i

² : ² :where � and � ares	 	

² : ² :
 	 
 	 �3 3 s 2² : ² : ² :� s� p y p 1q2 	 y2 	 ,s 3 3	 t 3 3
 x 
 x 2i i

14Ž .

� 2 2² : ² : ² :� s p 1y p 1y 	 q p 1y p 	 , 15Ž .Ž . Ž .Ž .3 3	 1 1 2 22

² :and 	 s s rp is the mixture fraction in Environment 3.3 3 3
² :Except for the spurious scalar dissipation rate � , Eq.s	

13 is identical to the scalar variance transport equation for a
conserved passive scalar. However, from Eq. 14 it can be seen

² :that � can be eliminated by setting � as followss	 s

² : ² :2� 
 	 
 	3 3t
� s . 16Ž .s ² : ² :1y2 	 1y 	 
 x 
 xŽ .3 3 i i

² :The term � is the scalar dissipation rate due to mi-	

cromixing. Writing a transport equation for the scalar dissi-
Ž .pation rate Fox 1995, 1997, 1999 , it is possible to see that

for a fully-developed scalar spectrum the scalar mixing rate is
Ž .related to the turbulent frequency �rk by

² :2 � �	
sC 17Ž .�� 2 k² :	

where C f1y2. Using Eqs. 17 and 15, an expression for ��

is found

² �2:� 	
� sC .� 2 2k ² : ² :p 1y p 1y 	 q p 1y p 	Ž . Ž .Ž .3 31 1 2 2

18Ž .

Although this expression could be used to define � at any
point in the flow, we will make use of a simpler expression in
which the last term was included in the constant C , result-�

ing in

�
� sC . 19Ž .� k

In order to take into account this correction, we use a value
of C s0.5. However, it is found that the simulation results�

are relatively insensitive to the choice of the value of C .�

The numerical values of the constants used in the simula-
tions are reported in Table 1. The model equations are added
to FLUENT as user-defined scalars. For every user-defined
scalar, a transport equation of the form


� 
 
�k k² :� q � u � y �� sS 20Ž .i k k � kž /
 t 
 x 
 xi i

is solved, where � is the k th scalars, � is the fluid density,k
and � and S are the diffusivity and the source term fork � k

the k th scalar, respectively.
In this work the diffusivity � has been set equal to thek

Ž .turbulent diffusivity � for all scalars. Note that the sourcet
term must be consistent with the dimensions of the other

Table 1. Model Constants used in the Simulations

C 0.09


Sc 0.7t
C 0.5�
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terms in Eq. 20. For this reason, the source terms appearing
in Eqs. 7�9 are multiplied by the fluid density. For example,

Ž .the source term for the first scalar p is given by1

S s � � p y� p 1y p . 21w x Ž .Ž .p s 3 1 11

Mixture fraction approach
The mixing between two feedstreams in a reactor can be

Ž .described using the mixture fraction approach Fox, 1996 .
Ž .For a simple reaction that is, AqB™C in the case of two

nonpremixed feeds, the mixture fraction is a conserved scalar
defined as follows

c yc qcA B Bo
	 s 22Ž .

c qcAo Bo

where c and c are the inlet concentrations of the twoAo Bo
reactants in their separate feed streams. From Eq. 22, it is
clear that the mixture fraction is equal to 1 in one feedstream
Ž . Ž .c sc ; c s0 and 0 in the other c s0; c sc . InA Ao B A B Bo
the case of a nonreacting system, the relationships between
the mixture fraction and the reactant concentrations are

c0 c0
A B
s	 , s1y	 23Ž .

c cAo Bo

where c0 and c0 are the reactant concentrations in the caseA B
of mixing without reaction.

In the case of an instantaneous reaction, the two reactants
cannot coexist at the same point, and thus the mixture frac-
tion is related to the reactant concentrations as follows

0 for 	 �	° s�cA ~ 	 y	s ,s
for 	 G	c sAo ¢1y	s

	°�c 1y for 	 �	B s~ 	s 24Ž .s
cBo ¢ 0 for 	 G	s

where

cBo
	 s . 25Ž .s c qcAo Bo

In the case of a finite-rate chemical reaction, the source
term can be closed using a reaction progress variable. Using
this approach, the relationships between concentrations, the

Ž .mixture fraction, and the reaction progress variable Y are

c cA B
s	 y	 Y , s 1y	 y 1y	 Y . 26Ž . Ž .Ž .s sc cAo Bo

Note that since it is proportional to the amount of reaction
product, Y is null in the feedstreams where no reaction oc-

Ž .curs that is, in Environments 1 and 2 . Thus, in order to
close the problem, a transport equation for the mean reac-

² : ² :tion progress variable Y s p Y must be added33

² :
 Y 

² :² :q u YŽ .i
 t 
 xi

² : ² : ² :
 
 Y p S c , cŽ .3 33 A B
s � q 27Ž .tž /
 x 
 x 	 ci i s Ao

Ž² : ² : .where S c , c is the source term for the chemical3 3A B
² : ² :reaction, and c and c are defined in terms of s , p3 3A B 3 3

² :and Y by

² : ² : ² : ² :c s y	 Y c p y s y 1y	 YŽ .3 3A 3 s B 3 3 s
s , s .

c p c pAo 3 Bo 3

28Ž .

Micromixing will influence the predictions of the model in
regions where p �1, whereas in perfectly micromixed re-3
gions p s1. The local reactant concentration will thus be3
greater than the mean concentration whenever p �1, result-3
ing in increased rates of nucleation and growth.

The reactive system can thus be studied using Eqs. 7 and 8
to describe the spatial and temporal evolution of the volume
fractions of Environments 1 and 2, using Eq. 9 to describe
the evolution of the mixture fraction in Environment 3, and
using Eq. 27 to account for the chemical reaction in Environ-
ment 3. Equation 28 is used to relate the reactant concentra-
tions to the mixture fraction and the mean reaction progress
variable. The problem will thus be closed once a functional

Ž .form has been specified for S c , c .A B

Moment method approach
The CSD can be described by a population balance

Ž .Randolph and Larson, 1988 . This equation is a continuity
statement expressed in terms of the particle number density
Ž . Ž . Ž .n L; x, t , that is, function of time t , position x , and parti-

Ž .cle dimension L . This function multiplied by an infinitesi-
w Ž . xmal increment in the particle dimension that is, n L; x, t dL

represents the number density of particles with dimensions
between L and LqdL. In order to obtain a simpler expres-
sion, the population balance can be expressed in terms of the
moments of the particle number density function. Note that
since nucleation and growth occur only in Environment 3, the
population balance need only be applied to one environment.
With this approach, the governing equations for the CSD

Ž .moments are Rivera and Randolph, 1978


 m 
 
 
 m0 0² : ² : ² :q u m s � qB c , c p ,Ž . Ž .3 3i 0 t A B 3ž /
 t 
 x 
 x 
 xi i i

29Ž .


 m 
 
 
 m1 1² : ² : ² :q u m s � qG c , c m ,Ž . Ž .3 3i 1 t A B 0ž /
 t 
 x 
 x 
 xi i i

30Ž .
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 m 
 
 
 m2 2² : ² : ² :q u m s � q2G c , c m ,Ž . Ž .3 3i 2 t A B 1ž /
 t 
 x 
 x 
 xi i i

31Ž .


 m 
 
 
 m3 3² : ² : ² :q u m s � q3G c , c m ,Ž . Ž .3 3i 3 t A B 2ž /
 t 
 x 
 x 
 xi i i

32Ž .


 m 
 
 
 m4 4² :q u m s �Ž .i 4 tž /
 t 
 x 
 x 
 xi i i

² : ² :q4G c , c m , 33Ž .Ž .3 3A B 3

where B is the nucleation rate, G is the growth rate, and mj
is the mean value of the jth moment of the particle number

Ž ² : .density function that is, m s p m .3j 3 j
The first five moments are computed only in Environment

3 where the reaction occurs. Using this approach, the mean
crystal size can be written as follows

m4
d s , 34Ž .43 m3

and the solid concentration is given by

�k®
c s m , 35Ž .C 3M

where � is the crystal density, k is the volume shape factor,®

and M is the molecular weight of the crystal.
The chemical source term appearing in Eq. 27 can be ex-

pressed in terms of m and G as follows2

�k®² : ² : ² : ² :p S c , c s 3G c , c m . 36Ž .Ž . Ž .3 3 3 33 A B A B 2M

The model equations can thus be closed by supplying expres-
sions for the nucleation and growth rates for barium sulfate
precipitation.

Precipitation kinetics and shape factors
Barium sulfate precipitation from aqueous solution has

been widely used to validate micromixing models and to study
the influence of mixing. In the literature several kinetic ex-
pressions have been proposed. In this study, we have used
the following kinetic scheme:

� Ž .Baldyga and coworkers Baldyga et al., 1995 used a
power law for the nucleation rate:

2.83�1010�c1.775 1rm3� s for �cF10 molrm3 heterogeneousŽ .Ž .
B c ,c s 37Ž . Ž .A B y3 15 3 3½ 2.53�10 �c 1rm � s for �c�10 molrm homogeneousŽ .Ž .

where �cs c c y k , and k is the solubility product of' 'A B s s
Ž y4barium sulfate at room temperature k s 1.14� 10s

2 6.mol rm .
� Ž .Starting from the results obtained by Nielsen 1969 ,

Ž .Aoun et al. 1996 found an expression for the growth rate
which takes into account the effect of nonstoichiometric con-
ditions

1.15 0.95
G c ,c sk c y k c y k mrs 38' 'Ž . Ž . Ž .Ž . Ž .A B G A s B s

where

1.05�10y510y1.57rR o for R �1o
k s 39Ž .G y5 y1.99R½ o2.73�10 R for R F1o o

and R sc rc .The volume shape factor used in our calcula-o A B
Ž .tions were taken from Pagliolico et al. 1999 . These authors,

using SEM images of individual crystals, found that the value
Ž .given from the instrument Laser Coulter particle sizer is

intermediate between the values of the length and the width
of the crystals, but generally closer to the latter. Depending
on the observed morphologies, different characteristic di-
mensions have been used and the resulting shape factor was
used to evaluate its influence on the final mean crystal size

Ž .predicted by a simple model Marchisio et al., 2000 . Based
on these results, a ‘‘best-fit’’ value for the volume shape fac-

Ž .tor k s0.06 was derived.®

Results and Discussion
Time-dependent simulations of the semi-batch precipita-

tion reaction were carried out in an axial section of the reac-
tor. Three different unstructured grids with different resolu-
tion near the injection zone were created using Gambit, and
the solution was shown to be grid independent. The turbu-
lent flow field was solved first, until a steady-state solution
was achieved. Using this flow field, a total of nine transport

Ž .equations Eqs. 7�9, 27, 29�33 were solved as user-defined
scalars in FLUENT.

The initial conditions for the computational domain inside
the reactor are as follows

² :p s0, p s1, s s Y sm sm sm sm sm s0,1 2 3 0 1 2 3 4

40Ž .

whereas at the inlet point

² :p s1, p s0, s s Y sm sm sm sm sm s0.1 2 3 0 1 2 3 4

41Ž .
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With these initial conditions, sodium sulfate is the reactant in
Environment 2, whereas barium chloride is the reactant in
Environment 1. During injection, barium chloride enters the
reactor, and, successively, due to micromixing, moves to En-
vironment 3. In the same way, sodium sulfate moves to Envi-
ronment 3 where the reaction takes place.

The time-dependent simulations were carried out with a
variable time step. Generally, when the concentrations of the
reactants are locally high, the problem becomes stiff, and thus
the time step has to be sufficiently small to avoid floating
point errors. For low values of the initial nominal supersatu-

Ž . Ž .ration ratio S and high values of the volume ratio f , theo
time step has been kept constant and equal to 1 s, whereas at
high values of the initial nominal supersaturation ratio and
low values of the volume ratio, the time step has been ini-
tially fixed to 10y4 s. As soon as the simulation had success-
fully completed one time iteration, the time step was in-
creased to 0.1 s. We have to highlight that because the expo-
nent in Eq. 37 for homogeneous nucleation is very large
Ž 15.�c , all calculations were carried out in double precision.

Mixing properties
In Figure 5 contour plots of the volume fraction of Envi-

ronment 2 at different time steps are reported. At the begin-
ning of the simulation, the reactor is occupied by Environ-
ment 2 except at the injection period. As soon as Environ-
ment 1 enters into the reactor, Environment 2 starts to disap-
pear due to mixing. After approximately one second, Envi-
ronment 3 has completely taken the place of Environment 2,
except near the injection zone, where the volume fraction of
Environment 3 will not be equal to one until the injection is
finished.

The volume-averaged profiles of the volume fractions of
Environments 1 and 2 for different injection velocities are
reported in Figures 6 and 7, respectively. From the figures, it
is clear that the injection velocity has little effect on the tem-

poral evolution of Environment 2, but has a strong effect on
the temporal evolution of Environment 1. In fact, Figure 6
shows that different injection velocities imply different injec-
tion times, and, moreover, the value of the volume fraction of
Environment 1 during the injection increases with decreasing
injection velocity. Note, however, that even at high injection
velocities the volume fraction of Environment 1 remains rela-
tively small.

From these observations, we can draw the following con-
Žclusions concerning mixing in this reactor. Within 1 s, see

.Figures 5 and 6 , large-scale gradients due to the initial con-
ditions are eliminated. The reactor then operates in a

Žsteady-state regime until the injection is finished see Figure
. Ž6 . During this period, the largest gradients and, hence, mi-

Figure 6. Volume-averaged volume fraction of Environ-
ment 1 for three different injection velocities
( )N=500 rpm .
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Figure 7. Volume-averaged volume fraction of Environ-
ment 2 for three different injection velocities
( )N=500 rpm .

.cromixing are concentrated in a small volume surrounding
the injection period. At the end of the injection period, all
gradients in mixture fraction are quickly eliminated and the
system behaves like a perfectly mixed batch reactor. Thus,
despite the fact that the micromixing parameter C was cho-�

sen smaller than the value for fully-developed turbulence, the
effect of micromixing on the overall process was found to be
very small.

Effect of operating conditions
The effect of the operating conditions on supersaturation

Ž . Ž .S , total particle number density m , and mean crystal size0
Ž .d has been studied. The reported values of these vari-43
ables are volume-averaged values over all the reactor. In the
case of precipitation, the interpretation of the results is often
difficult and controversial because of the many phenomena

w Žinvolved that is, mixing at various scales macro-, meso- and
. xmicro-mixing , nucleation and growth . Moreover, the effect

of varying a single parameter can be different depending on
the controlling process. For example, an increase in the in-
tensity of mixing can reduce the volume-average intensity of
segregation of the reactant favoring nucleation, or reduce the
local peak of supersaturation disfavoring nucleation.

Effect of Rotation Speed. The effect of the rotational speed
of the impeller on the crystal size has been analyzed by sev-
eral authors, and different results and conclusions have been

Ž .found. Kim and Tarbell 1996 found a maximum of the mean
Ž .crystal size vs. the stirrer speed, while Phillips et al. 1999

Ž .and Fitchett and Tarbell 1990 found a monotonic increase.
Differently from what is observed in the continuous appara-

Ž .tus Barresi et al., 1999 , in the semi-batch Taylor-Couette
reactor both the model and the experimental data show a
decrease of the mean crystal size when plotted against the

Ž .rotational speed of the internal cylinder Figure 8 . This ef-
fect could be caused by enhanced macromixing, which re-
duces the degree for segregation of the reactants and favors
nucleation. The final effect is to produce a slightly higher
number of particles, but with a lower dimension.

Figure 8. Final mean crystal size vs. speed of the inter-
( ( )nal cylinder v =60 mL/////min, f =0.1, log S =o

)4 .
Open symbols: CFD prediction. Filled symbols: experimen-
tal data.

In Figure 9 a plot of the solids concentration against the
speed of the internal cylinder is reported. The figure shows
that the rotational speed does not significantly affect the fi-
nal solid concentration. In fact, given that the experiments
were sufficiently long for the reactants to completely react,
this result was included only to show that the overall mass
balance was satisfied. The same behavior for the final solids
concentration has been found for all other parameters, ex-
cept for the initial nominal supersaturation, as will be ex-
plained below.

Effect of Injection Velocity. In Figure 10 the volume-aver-
aged supersaturation profiles are reported for three injection
velocities. The observed discontinuity in the derivative of the

Figure 9. Final solid concentration vs. speed of the in-
( ( )ternal cylinder v =60 mL/////min, f =0.1, log So

)=4 .
Open symbols: CFD prediction. Filled symbols: experimen-
tal data.
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Figure 10. Volume-averaged supersaturation vs. time
(for three injection velocities N=500 rpm, f

( ) )=0.1, log S =4 .o

profile occurs at the end of the injection period. From the
figure is clear that increasing the injection velocity results in
a higher peak of supersaturation. However, the supersatura-
tion subsequently decreases more rapidly due to crystal
growth. Overall, the supersaturation is kept at a higher time-
averaged value with low injection velocity and this effect

Žcauses the formation of a higher number of particles Figure
. Ž .11 with a lower dimension Figure 12 under these condi-

tions. A comparison with the experimental data for the vol-
ume-averaged mean crystal size at the end of the reaction is
reported in Figure 13, and good agreement has been found.

Effect of Initial Nominal Supersaturation. The effect of the
Ž .initial nominal supersaturation ratio S has been studiedo

for values between 104 and 106. The profiles of the volume-
averaged supersaturation for three different initial nominal

Figure 11. Volume-average total particle number den-
(sity vs. time for three injection velocities N

( ) )=500 rpm, f =0.1, log S =4 .o

Figure 12. Volume-averaged mean crystal size vs. time
(for three injection velocities N=500 rpm, f

( ) )=0.1, log S =4 .o

supersaturation ratios are reported in Figure 14. From the
figure, it is clear that by increasing this ratio, the peak of the
supersaturation is also increased. It has to be highlighted that
for the highest initial supersaturation ratio after the peak,
the reaction starts to remove the reactants, but, after a while,
the injection of fresh reactants makes the profile rise again.
This is caused by the large number of particles, created by
the high supersaturation, that grow rapidly due to the en-
hanced growth rate, and remove the reactants. After this pe-
riod, the fresh reactants are almost completely segregated in
different vortices in the bottom and in the top of the reactor
Ž .see Figure 15 , and it is necessary to wait for the end of the
injection in order to have a further decrease of the concen-
tration.

Figure 13. Final mean crystal size vs. injection velocity
( ( ) )N=500 rpm, f =0.1, log S =4 .o
Open symbols: CFD prediction. Filled symbols: experi-
mental data.
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Figure 14. Volume-averaged supersaturation profiles
vs. time for three initial nominal supersatura-

(tion ratios v =60 mL/////min, f =0.1, N=500
)rpm .

We saw earlier that during the injection period the reactor
operates in a steady-state regime where the mixture fraction
is slightly larger at the top of the reactor than at the bottom.

Figure 15. Contour plots of reactant concentrations in
Environment 3 at the end of the injection pe-

(riod v =60 mL/////min, f =0.1, N=500 rpm, t=
)86.5 s .

² : 3 ² : 3Left: c , molrm , right: c , molrm .3 3A B

Figure 16. Experimental data for the final mean crystal
size vs. the initial nominal supersaturation

( )ratio v =60 mL/////min, f =0.1, N=500 rpm .
Open symbols: CFD predictions. Filled symbols: experi-
mental data.

Due to the nonlinear nature of the nucleation rate, at high
supersaturation, this small macroscale gradient is amplified
in the reactant concentrations, leading to the macroscale seg-
regation seen in Figure 15. Such large-scale, reaction-in-
duced segregation could not be predicted without resorting
to CFD.

The comparison with the experimental data is reported in
Figure 16 for different initial nominal supersaturation ratios.
Under these conditions, an increase in S accelerates crystalo
growth more than nucleation, because the heterogeneous nu-

Ž .cleation order 1.775 is smaller than the overall growth order
Ž . Ž2.1 . For higher S , the homogeneous nucleation order Eq.o
.15 becomes very high and a further increase would cause

more crystals of smaller size. From Figure 16, it is possible to
see that both model and experiments show an increase in the
mean crystal size with increasing S . However, the modelo
overpredicts the rate of increase, because of the strong segre-
gation in the system due to the vortices, that causes poor
macromixing. This result, once again, shows the importance
of an accurate knowledge of the flow field, in order to pre-
dict its effect on the final CSD.

Effect of Reactant Volume Ratio. The effect of the reactant
volume ratio has been studied for two different values of the

w Ž . xinitial nominal supersaturation ratio log S s4 and 6 . Theo
results are reported in Figure 17 and the model predictions

Ž .for log S s4 are compared with experimental data. To beo
Ž .consistent with our earlier terminology, the volume ratio f

² :is the volume average of the mean mixture fraction 	 at
the end of the injection period; in fact, it represents the final
volume fraction of fluid injected into the reactor. In order to
maintain a 1:1 stoichiometric ratio, decreasing f results in a
higher concentration of the reactant over a shorter injection
time at the same flow rate. This results in a significant in-
crease of the local supersaturation near the injection point.
Depending on the initial nominal supersaturation, this local
increase can favor nucleation or growth.
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Figure 17. Final mean crystal size vs. mean mixture
fraction for two different initial supersatura-

( )tion ratios N=500 rpm, v =60 mL/////min .
Open symbols: CFD predictions, filled symbols: experi-
mental data.

At low values of the initial nominal supersaturation ratio
w Ž . xlog S s4 , the local value of the supersaturation is not higho
enough to induce homogeneous nucleation, and this results
in a smaller number of crystals with higher dimension. How-
ever, when the initial nominal supersaturation ratio is in-
creased to 106, the local value of the supersaturation leads to
homogeneous nucleation and a higher number of particles
with lower dimension are produced. Furthermore, a decrease
in the mean crystal size is observed in the simulations for

Ž .volume ratios lower than 0.01 for log S s4, and 0.03 foro
Ž .log S s6. In the first case, only when the volume ratio iso

lower than 0.01 is the local value of the supersaturation high
enough to favor nucleation over growth. In the second case,
this condition is satisfied for volume ratios less than 0.1. The
fact that the mean crystal size starts to decrease with a de-
creasing volume ratio at lower values of this parameter is due
to the segregation of the fresh reactants as explained above
Ž .Figure 15 . Only when the volume ratio is small enough to
have a short injection time will the introduction of the reac-
tant be faster than the growth process, so that during the
injection the high local supersaturation favors nucleation.

Conclusions
A finite-mode PDF model coupled with a CFD code

Ž .FLUENT has been used to model precipitation of barium
sulfate in a semibatch Taylor-Couette reactor. The CSD has
been calculated in terms of the first five moments of the CSD
and the model has been validated with experimental data.

ŽThe effects of various operating conditions speed of the in-
ternal cylinder, injection velocity, initial nominal supersatura-

.tion, reactants volume ratio have been investigated. The re-
sults show that the precipitation reaction is strongly influ-
enced by the local value of supersaturation at high reactant
concentrations. Mixing at various scales has been found to be
the controlling phenomenon and in particular the vortical

structure of the flow in the Taylor-Couette reactor favors the
role of macromixing. The use of time-dependent CFD has
been shown to be a feasible modeling approach for predict-
ing the behavior of the reactor. Although the flow field has
been validated only through tracer experiments, and no di-
rect information on the turbulent flow field is available for
model validation, the overall agreement with experimental
data is satisfactory. Nevertheless, a detailed investigation of

Ž .the flow field such as using LDV or PIV will be required in
order to completely verify the effect of turbulence parame-
ters on the degree of mixing at various scales in the reactor.
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